Abstract. We show that a group G acts properly and effectively on a locally compact and σ-compact metric space (X, d) if and only if there exists a compatible G-invariant Heine-Borel metric d p on X such that G is homeomorphic to a closed subgroup of the group of isometries Iso(X, d p ).
Introduction
The study of the group of isometries of a locally compact metric space (X, d), already from the very beginning in 1928 in the work of van Dantzig and van der Waerden [3] , focuses directly on the topological structure of this group and indirectly, as a tool for the proofs, in the way this group acts on the underlying metric space. Precisely, it is proved that in the case of a locally compact and connected metric space (X, d), the group of (surjective) isometries Iso(X, d) is a locally compact group with respect to the topology of pointwise convergence and acts properly on X. In the realm of the Riemannian Geometry it is additionally proved in 1939 [9] that the group of isometries of a Riemannian manifold is a Lie group. Abels [1] arrived in 1974/75 at a remarkable result concerning the properness of the action (Iso(X, d), X) in the case where the connected component of the identity of Iso(X, d) is not compact. Using Iwasawa's Decomposition Theorem he proved that the underlying space X is homeomorphic to the cartesian product R n × Y , where Y is a suitable closed subset of X. Later works [8] and [4] focused on the problem of the locally compactness of Iso(X, d) using techniques with special open-closed partitions of the underlying space X. The only significant progress concerning the properness of the action (Iso(X, d), X) presented in the work of Gao and Kechris [4] in 2003 where it is proved that if the space X is pseudoconnected (i.e. every pair of points of X can be connected using a finite chain of points such that every consecutive pair of them belongs to a compact ball) or in the special case where (X, d) is Heine-Borel the action (Iso(X, d), X) is proper.
In the work at hand we show that the properness of the action (Iso(X, d), X) is not depending on various properties of X related to connectedness but is depending only on the existence of a compatible invariant Heine-Borel metric on X. Precisely, in Theorem 2.4 we prove that
) is a locally compact, σ-compact metric space and G is a subgroup of Iso(X, d) then the action (G, X) is proper if and only if there exists a compatible Heine-Borel metric d p on X such that G is a closed subgroup of Iso(X, d p ).
As an application we show in Theorem 2.6 that Theorem . A group G acts properly and effectively on a locally compact and σ-compact metric space (X, d) if and only if there exists a compatible G-invariant Heine-Borel metric d p on X such that G is homeomorphic to a closed subgroup of the group of isometries Iso(X, d p ).
The construction of the desired metric is depending on the existence of an open fundamental set for the action (G, X) and on the existence of a left invariant Heine-Borel metric d G on G.
Heine-Borel Metrics and Properness
The notion of a proper action was introduced by Bourbaki in [2, Ch. III, §4.1]. An action (G, X) is said to be proper if the map
is proper, i.e. it is continuous, closed and the inverse image of a singleton is a compact set.
Equivalently, an action (G, X) is proper if and only if the extended limit sets J(x) are empty for every x ∈ X, where J(x) = {y ∈ X | there exist nets {x i } in X and {g i } in G with g i → ∞, x i → x and g i x i → y}.
Here g i → ∞ means that the net {g i } does not have any limit point in G. Moreover, let L(x) = {y ∈ X | there exists a net {g i } in G with g i → ∞ and g i x → y}, be the limit set of a point x ∈ X. It is easy to see that if G acts by isometries on X then J(x) = L(x) for every x ∈ X. Hence, an action (G, X) by isometries is proper if and only if the limit sets L(x) are empty for every x ∈ X.
In the special case where G is a locally compact group, an action (G, X) is proper if and only if for every x, y ∈ X there exist neighborhoods U x and U y of x and y, respectively, such that the set
is relatively compact in G. Note that if X is a locally compact metric space and the action (G, X) is proper then G is locally compact.
In the case where X is a locally compact, σ-compact metric space and G is a subgroup of the group of isometries of X, the properness of the action (G, X) is characterized by the existence of an open fundamental set, see [7, Lemma 2, p.8] . Recall that given an action (G, X), a subset F of X is a fundamental set for the action if GF = X and for every point x ∈ X there exists a neighborhood U x of x such that the set {g ∈ G | gU x ∩ F = ∅} is relatively compact in G.
The following theorem is a well known result due to Gao and Kechris [4, Th. 5.4] but for the convenience of the reader we give a proof. Recall that a metric space (X, d) is said to be Heine-Borel if every ball is relatively compact. Many times in the literature instead of the name Heine-Borel the term proper metric space is used. However, since we speak about proper actions and in order to avoid confusion we prefer to use the name Heine-Borel instead. The most famous examples of Heine-Borel spaces are the Euclidean spaces and the space of rational p-adics Q p with their usual metrics. Proof. Since X is a metric space and in order to check the properness of (Iso(X, d), X) we may use sequences instead of nets in Iso(X, d). Let {g n } be a sequence in Iso(X, d) and g n x → y for some x, y ∈ X. Take a ball B(y, r) centered at y with arbitrary radius r. Without loss of generality we may assume that g n x ∈ B(y, r) for every n ∈ N. We will use Arzela-Ascoli's Theorem. Let z ∈ X. It is easy to verify that the set {g n z} is contained in B(y, R) where R = r + d(x, z), hence it is relatively compact in X for every z ∈ X. Since g −1 n y → x we may also conclude that the set {g −1 n z} is relatively compact for every z ∈ X. Applying Arzela-Ascoli's Theorem there exists a subsequence {g n k } of {g n } and continuous selfmaps g, f of X such that g n k → g and g −1 n k → f pointwise on X. This ensures that g ∈ Iso(X, d). Therefore the action (Iso(X, d), X) is proper.
Remark 2.2. The sets K(E) := {x ∈ X | Ex is relatively compact}, where E ⊂ Iso(X, d) played a crucial role in [8] where it is proved that they are open-closed subsets of X. In the case of a Heine-Borel metric space (X, d) the set K(E) is either the empty set or the whole space X as it is shown in the proof of the Theorem 2.1. Using Bourbaki [2, Ch. X, Ex. 13, p. 323] the same conclusions about the sets K(E) can be reached (i.e. that they are open-closed subsets of X) but we must be careful! Even in the legendary "Topologie Generale" of Bourbaki there are mistakes! Precisely in the aforementioned Exercise 13 of Ch. X, p. 323, part (d) it is said that if E is uniformly equicontinuous family of homeomorphisms of a locally compact uniform space X then K(E) is a closed subset of X. This is not true if E is not a subset of a uniformly equicontinuous group of homeomorphisms of X as we can easily see by the following counterexample.
be endowed with the Euclidean metric and consider the family E = {f n } of selfmaps of X defined by f n (x, y) = (x, y n ). As it can be easily seen the family E consists of uniformly equicontinuous homeomorphisms of X and Proof. If the group G is a closed subgroup of Iso(X, d p ) for a compatible Heine-Borel metric d p on X the action (G, X) is proper by Theorem 2.1. Assume now that the action (G, X) is proper, hence by [7] there exists an open fundamental set F for the action. Since (X, d) is a locally compact and σ-compact metric space we may find an increasing family {F n } of relatively compact open subsets of F such that F n ⊂ F n+1 for every n ∈ N and ∞ n=1 F n = F . Hence, there exists a sequence of continuous functions f n : F → [0, 1] such that f n (x) = 0 for x ∈ F n and f n (x) = 1 for x ∈ F \ F n+1 , thus the function f : F → R + defined by f := n f n is well defined and continuous. Since X is a second countable metric space and the action (G, X) is proper, G is a second countable group, hence by [5] it has a left invariant Heine-Borel metric d G . Let x ∈ X and H x be the set {g ∈ G | gx ∈ F }. Note that H x is a non-empty relatively compact subset of G by the definition of the fundamental set F . We define d p : X × X → R + as follows
for every x, y ∈ X. We will show that d p is a compatible Heine-Borel G-invariant metric on X.
In order to verify that d p is really a metric on X assume that d p (x 1 , x 2 ) = 0 for some x 1 , x 2 ∈ X. Hence, there exist sequences {g n1 } and {g n2 } in H x 1 and H x 2 respectively such that
Since H x 1 and H x 2 are relatively compact sets we may assume that there exist subsequences of {g n1 } and {g n2 }, denoted for simplicity reasons again by {g n1 } and {g n2 }, such that g n1 → g and g n2 → h pointwise on X for some g, h ∈ G.
, g n2 x 2 ) → 0 from which follows that x 1 = x 2 . Now it is easy to verify that d p fulfills the rest of the properties of a metric on X.
Next we show that d p is a compatible metric for the topology of X. Assume that d(x n , x) → 0 for some sequence {x n } in X and x ∈ X. There exists a point g ∈ H x such that gx ∈ F . Since F is an open subset of X and using the continuity of the action (G, X) we may assume that gx n ∈ F for every n ∈ N hence
since f is continuous. For the converse, assume now that d p (x n , x) → 0. This means that there exist g n ∈ H xn and h n ∈ H x such that
n ) → 0. Since h n ∈ H x we may assume that there exists a subsequence of {h n } denoted for simplicity reasons again by {h n } and a point h ∈ G such
since d(g n x n , h n x) → 0 and the sequences {h n } and {g n } converge pointwise to h on X (actually we have proved that every subsequence of {x n } has a subsequence {x n k } such that d(x n k , x) → 0 but this is equivalent to d(x n , x) → 0). Now it can be easily seen that the metric d p is G-invariant since H gx = H x · g −1 for every x ∈ X and g ∈ G. Finally we show that d p is a Heine-Borel metric for X. Let V be a closed and bounded subset of X with respect to the metric d p . The form of the metric d p ensures that there exists a compact subset W of F and a compact subset K of G such that V ⊂ K · W , hence V is compact.
As a corollary of Theorem 2.4 we have the following. We can generalize the results of Theorem 2.4 in the case of a group G which acts properly and effectively (i.e. if gx = x for some g ∈ G and every x ∈ X then g is the identity element of G) on a locally compact and σ-compact metric space (X, d). Namely, we have the following. Theorem 2.6. A group G acts properly and effectively on a locally compact and σ-compact metric space (X, d) if and only if there exists a compatible G-invariant Heine-Borel metric d p on X such that G is homeomorphic to a closed subgroup of the group of isometries Iso(X, d p ).
Proof. Since G acts properly and effectively on a locally compact space it is homeomorphic to its image in the group of homeomorphisms H(X) of X under the natural map φ : G → X with φ(g)x := gx for every g ∈ G and x ∈ X. Hence, without loss of generality we may consider G as a subgroup of H(X). Consider the one-point compactification (Alexandroff compactification) X ∪ {∞} of X. Since X is a second countable locally compact metric space, X ∪ {∞} is a metrizable compact space. Let d ∞ be a compatible metric on X ∪ {∞}. Every g ∈ G can be extended continuously on X ∪ {∞} by letting g(∞) = ∞. We will show that G is equicontinuous on X with respect to the metric d ∞ arguing by contradiction. Let x ∈ X, {x n } be a sequence of points of X such that x n → x and assume that there exists an ǫ > 0 and a sequence {g n } ⊂ G such that d ∞ (g n x n , g n x) ≥ ǫ for every n ∈ N. Since the action (G, X) is proper the sequences {g n x n } and {g n x} do not have any limit point in X hence g n x n → ∞ and g n x → ∞. This is a contradiction since d ∞ (g n x n , g n x) ≥ ǫ for every n ∈ N. Define a new metric d u on X as follows
for every x, y ∈ X. The metric d u is G-invariant and well defined since d ∞ is bounded on X × X. Obviously d ∞ (x, y) ≤ d u (x, y) for every x, y ∈ X. The equicontinuity of G with respect to the metric d ∞ ensures that for every x ∈ X and every ǫ > 0 there exists an r > 0 and a d ∞ -ball B(x, r) centered at x with radius r contained in the d u -ball B(x, ǫ) centered at x with radius ǫ. This shows that d u is a compatible metric on X. The properness of the action (G, X) implies that G is a closed subgroup of Iso(X, d u ) hence we may apply Theorem 2.4 to arrive at the desired conclusion of the theorem.
Remark 2.7. In the pure set-theoretical setting in [10] it is proved that if (X, d) is a locally compact, σ-compact metric space there always exists a compatible Heine-Borel metric on X. Moreover, if d is complete we can find a compatible Heine-Borel metric that is locally identical to d, i.e. for every x ∈ X there exists a neighborhood of x on which the two metrics coincide. But without any further assumption concerning the properness of the action (Iso(X, d), X) it is not true that we can find a compatible Heine-Borel metric d p on X such that Iso(X, d) is a closed subgroup of Iso(X, d p ). For example, let X = {(x, y) | x = 0 or x = 1, y ∈ R} be endowed with the metric d = min{d E , 1} where d E is the usual Euclidean metric on R 2 . It is trivial to check that the action (Iso(X, d), X) is not proper. Hence, by Theorem 2.1, we can never find a compatible Heine-Borel metric d p on X such that Iso(X, d) is a closed subgroup of Iso(X, d p ). If we put some additional assumptions, e.g. if (X, d) is a connected uniformly locally compact metric space, then we can find a compatible Heine-Borel metric d p on X such that Iso(X, d) = Iso(X, d p ), see [6] . This result is not valid if instead of the whole group of isometries Iso(X, d) we have a closed subgroup of it. For example, if we take as X the set of the real numbers with the usual Euclidean metric and G the group of translations of R, then for every G-invariant metric d on R we have that d(x, 0) = d(−x, 0). Hence the group Iso(X, d) contains the reflections of R so it can never be equal to G.
